Abstract. The Taylor series or differential operator perturbation method, implemented in MCNP and invoked using the PERT card, can be used for efficient parameter studies in shielding problems. This paper shows how only two PERT cards are needed to generate an entire parameter study, including statistical uncertainty estimates (an additional three PERT cards can be used to give exact statistical uncertainties). One realistic example problem involves a detailed helium-3 neutron detector model and its efficiency as a function of the density of its high-density polyethylene moderator. The MCNP differential operator perturbation capability is extremely accurate for this problem. A second problem involves the density of the polyethylene reflector of the BeRP ball and is an example of first-order sensitivity analysis using the PERT capability. A third problem is an analytic verification of the PERT capability.
Introduction
The Taylor series or differential operator perturbation feature [1, 2] was introduced into MCNP [3] in version 4B in the mid-1990s. The perturbation feature has been shown to be unreliable for estimating perturbations in eigenvalue (keff) problems [4, 5] . However, for fixedsource (shielding) problems, the perturbation feature can be extremely accurate and deserves to be more widely used. The Taylor series perturbation feature is invoked with the PERT card.
In publications until now [e.g., 2], a separate MCNP PERT card was used for each perturbed point in a parameter study. In fact, the MCNP manual [3] recommends two PERT cards for each perturbation so that the first-and second-order Taylor terms can be examined independently. The manual says that "each perturbation increases running time by 10%-20%" [3] . Limiting the number of PERT cards is therefore desirable.
This paper shows how to compute the two coefficients of a two-term Taylor expansion using only two PERT cards. These coefficients can then be used to estimate the perturbed response for any point in a parameter study. The statistical uncertainty can be well estimated from these two PERT cards; it can be computed exactly using three more PERT cards.
In addition, this paper shows how to use the PERT card to perform first-order sensitivity analysis such as may be used in uncertainty quantification.
We emphasize that the results of this paper apply only to fixed-source problems, not eigenvalue problems. Then, using the chain rule, the Taylor series terms can be written conveniently as 3 Taylor series coefficients and the MCNP PERT card
Taylor series coefficients

Computing the coefficients
At present, the MCNP perturbation capability, invoked with the PERT card, uses a two-term Taylor expansion with no cross terms [6, 3] . The perturbation feature estimates the derivatives in Eqs. (6) and (7) Now the perturbed response due to an arbitrary perturbation x p can be computed using 
where N is the number of histories sampled and xi and yi are the x and y scores for the ith history.
We now find the correlation coefficient xy r in terms can now be created using Eq. (12) with uncertainties estimated using Eq. (15).
Checking accuracy
As stated in the manual, it is a good idea to test whether a second-order Taylor expansion is accurate for the largest perturbation that is expected. One way to do this is to compare the first-and second-order terms However, contrary to statements in the manual, it is not always true that the second-order term should contribute much less to the total than the first-order term. For example, consider the notional curve shown in Fig.  1 . The base case of 0 V = 2 is at or near the optimum for response R. The first-order Taylor term is zero or close to zero, and the second-order term dominates. Higherorder terms may be zero. Caution is advised.
Where possible, it is wise to use a direct calculation of the perturbed tally to test ) ( 
Exact uncertainty
Exact uncertainties that account for the correlations among 0 c , 1 c ' , and 2 c ' can be computed as follows: Set up three more PERT cards in addition to those set up in Sec. 4.1 (with the same density as in Sec. 4.1). One of the new PERT cards uses METHOD = -2, one uses METHOD = -3, and one uses METHOD = 1.
Run the problem using MCNP. The METHOD = -2 perturbation result is ) ( , 
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Prescription for first-order sensitivity analysis
Basic
The first-order relative sensitivity coefficient of a response c to some reaction cross section x V is defined as 
Exact uncertainty
The sensitivity vector for 6 Numerical examples
Neutron detector polyethylene density
As an example, consider a detailed model of a neutron detector consisting of 15 helium-3 tubes with an active height of 15 in. (Fig. 2) and pressure of 10 atm. arranged in three rows in a high-density polyethylene (HDPE) moderator (Fig. 3) . The nominal density of the HDPE is
(36) Fig. 2 . Three-dimensional rendering of the neutron detector. The light blue material is HDPE, within which are arranged the helium-3 tubes. The height of the HDPE is 16.59 in. 
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An Am-Be source was modeled 30 cm from the front face of the detector and centered vertically with respect to the active height of the tubes. Detector counts were modeled as captures in helium-3 in the active part of the tubes.
The total efficiency as a function of HDPE density is plotted in Fig. 4 . (The total efficiency is the number of counts per source particle emitted, and for this calculation it is not necessary to specify the source strength.) Seven direct calculations (using perturbed densities) as well as the unperturbed (reference) direct result are compared with a second-order Taylor series estimate computed using coefficients calculated during the run of the unperturbed reference case. Uncertainties for the Taylor series estimates are the uncorrelated estimates of Eq. (15). Figure 4 shows that the Taylor series estimate of the MCNP PERT card provides an extremely accurate and fast method for performing this sensitivity study.
Adding the two PERT cards increased the run time by 6%.
Including all correlations among the Taylor series coefficients changes the standard deviation from 4.67 × 10 -6 to 4.43 × 10 -6 for the largest negative perturbation and from 4.42 × 10 -6 to 4.49 × 10 -6 for the largest positive perturbation. Adding three more PERT cards increased the run time (from the case with two PERT cards) by only 5%. The advantage of a continuous parameter study is not apparent in Fig. 4 since the direct results are relatively easy to acquire. However, another quantity of interest for the neutron detector is the "row ratio," or the ratio of the sum of the counts in the second, third, fourth, and fifth tubes in the middle row (called row 2) to the sum of the counts in the two tubes in the back row (called row 3, the top row in Fig. 3) . Figure 5 shows the row ratio for the seven perturbed configurations and the unperturbed reference case. Statistical uncertainty causes "wiggle" in the curve through the points.
The Taylor series estimate, also shown on Fig. 5 , was obtained as the ratio of the individual Taylor series estimates for the count rates for rows 2 and 3. Uncertainties for the Taylor series estimates use the uncorrelated estimate of Eq. (15) for each row.
Including all correlations among the Taylor series coefficients changes the standard deviation from 3.10 × 10 -3 to 2.99 × 10 -3 for the largest negative perturbation and from 2.85 × 10 -3 to 2.88 × 10 -3 for the largest positive perturbation.
Comparing the contributions of the first-and secondorder terms, as suggested in the MCNP manual [3] , can easily be done for each perturbed point using Eq. (12).
Neutron reflector polyethylene density
This problem illustrates the use of the PERT card for the sensitivity of a response to the mass density of a neutron reflector. The response is the total neutron leakage from a spherical system. The system is the polyethylenereflected BeRP ball [7, 8] described in Table 1 . The density of the polyethylene is perturbed.
The exact leakage for each perturbation is compared with the first-and second-order Taylor series perturbation estimates in Fig. 6 . Error bars of one standard deviation are present but not visible. The second-order estimate of Eq. (12) produces the correct curvature near the unperturbed density (0.95 g/cm 3 ), but it is too large for negative density perturbations and too small for positive density perturbations. A higher-order 
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Taylor expansion is needed for more accuracy in the range of perturbations shown. The error is quantified in Fig. 7 and presented with the ratio of the second-order term to the first-order term, as given by Eq. (28). For this problem, the error is within ±10% when the ratio is -0.40 to 0.33.
We turn now to the first-order sensitivity of the leakage to the polyethylene density, computed using Eq. (31). The first-order PERT method is compared with central-difference estimates computed using 
U U
can be calculated accurately [9] , and, if a Monte Carlo code is used, with a small uncertainty. Central-difference estimates using Eq. (37) with different values of h and MCNP results for c are shown in Table 2 with Monte Carlo relative uncertainties (1s). The difference between the PERT estimate and the central-difference estimate is shown in terms of the number of standard deviations of difference.
The central-difference estimate using the smallest value of h (0.05 g/cm 3 ) is just within 2s of the first-order PERT value of the sensitivity. Which is the more accurate value? The three points of the sensitivity are not exactly on a line: The Pearson correlation coefficient for the points is 0.9994. In our judgment, the PERT value is the most accurate.
Analytic monodirectional one-group slab
This problem applies the PERT card to the reaction rate inside a slab when there is a monodirectional source and no scattering. The solution is analytic, so this is a good verification problem for the PERT capability.
A boundary source of strength q impinges on the left, at x = 0 cm, and the width of the slab is X. The macroscopic cross section is Ȉ. The flux ‫(‬x) at any point x within the slab is Table 4 and compared with values computed using MCNP. 0 R is, of course, a regular reaction-rate cell tally. 1 R and 2
R
were computed using the PERT card as discussed in Sec. 4.1. The differences between the MCNP results and the analytic values are well within one standard deviation. A parameter study is shown in Fig. 8 . The exact reaction rate, from Eq. (41), is compared with the twoterm Taylor series of Eq. (46) when the coefficients are computed analytically and when the coefficients are from the MCNP PERT capability. The two curves for the Taylor series are indistinguishable. Figure 8 shows that a two-term Taylor expansion is extremely accurate for cross-section perturbations of ±10% for this problem; beyond that, higher-order terms may be needed. Figure 9 quantifies these observations, showing the error in the second-order PERT estimate as well as the ratio of the second-to the first-order Taylor term. For this problem, even when the second-order term is about the same size as the first-order term, the error in the Taylor series estimate is less than 0.6%.
Summary and conclusions
The MCNP perturbation capability can be extremely accurate for shielding problems. This paper has demonstrated that it is not necessary to use a PERT card (or two PERT cards) for every perturbed point in a parameter study. Just two PERT cards suffice to obtain the Taylor series coefficients, generate a near-continuous curve of the resulting perturbed response, and estimate the statistical uncertainty in the perturbed response. This paper has focused on cross-section and density perturbations. Material-substitution perturbations require special treatment [6] , but it might be possible to apply the methods of this paper. On the other hand, the firstorder sensitivity of a response to material composition changes can be computed using the first-order sensitivity to each of the individual nuclide densities, computed as described in Sec. 5. This topic is receiving new attention [10, 11] . 
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The run times for the test problem of Sec. 6.1 increased by only ~20% of the rule of thumb quoted in the manual [3] .
The PERT card must not be used to perturb problem parameters that would cause the source spatial, spectral, or angular distribution to be perturbed.
